Quantum phase interference and spin-parity effects are studied in biaxial molecular magnets in a magnetic field at an arbitrarily directed angle. The calculations of the ground-state tunnel splitting are performed on the basis of the instanton technique in the spin-coherent-state path-integral representation, and complemented by exactly numerical diagonalization. Both the Wentzel-Kramers-Brillouin exponent and the preexponential factor are obtained for the entire region of the direction of the field. Our results show that the tunnel splitting oscillates with the field for the small field angle, while for * To whom the correspondence should be addressed.
the large field angle the oscillation is completely suppressed. This distinct angular dependence, together with the dependence of the tunnel splitting on the field strengh, provide an independent test for spin-parity effects in biaxial molecular magnets. The analytical results for the molecular Fe 8 magnet, are found to be in good areement with the numerical simulations, which suggests that even the molecular magnet with total spin S = 10 is large enough to be treated as a giant spin system. 
II. MODEL AND METHOD
The system of interest is a molecular magnet at a temperature well below its anisotropy gap, which has the following Euclidean action in the spin-coherent-state representation,
where S is the total spin of the molecular magnet. The polar angle θ and the azimuthal angle φ label the spin coherent state. E(θ, φ) is the total energy of the molecular magnet which includes the magnetocrystalline anisotropy energy and the Zeeman energy when an external magnetic field is applied.
It is noted that the Euclidean action is written in the north-pole gauge, and the first two terms in Eq. (1) define the Wess-Zumino or Berry term which arises from the nonorthogonality of spin coherent states. The Wess-Zumino term has a simple geometrical or topological interpretation. For a closed path, this term equals −iS times the area swept out on the unit sphere between the path and the north pole. The first term in Eq. (1) is a total imaginary-time derivative, which has no effect on the classical equation of motion for the magnetization vector, but yields the boundary contribution to the Euclidean action. Loss et al. 4 and von Delft and Henley 5 studied the physical effect of this total derivative term, and they found that this term is crucial for the quantum properties of the magnetic particle and makes the tunneling behaviors of integer and half-integer spins strikingly different.
In the semiclassical limit, the dominant contribution to the Euclidean transition amplitude comes from finite action solutions of the classical equations of motion (instantons), which can be expressed as the following equations in the spherical coordinate system,
where θ and φ denote the classical path. Note that the Euclidean action Eq. (1) describes the (1 ⊕ 1) −dimensional dynamics in the Hamiltonian formulation with canonical variables φ and P φ = S(1−cosθ).
According to the instanton technique in the spin-coherent-state path-integral representation, the instanton's contribution to the tunneling rate Γ for MQT or the ground-state tunnel splitting ∆ for MQC (not including the geometric phase factor generated by the topological term in the Euclidean action) is given by
where ω p is the small-angle precession or oscillation frequency in the well, and S cl is the classical action or the WKB exponent which minimizes the Euclidean action of Eq. (1).
The preexponential factor p 0 originates from the quantum fluctuations about the classical path, which can be evaluated by expanding the Euclidean action to second order in the small fluctuations.
We describe the molecular magnet with biaxial crystal symmetry by the standard Hamiltonian,
where k 1 > k 2 > 0 are proportional to the anisotropy coefficients, and we take the easy, medium, and hard axes as x, y, and z, respectively. If the magnetic field is applied in ZY plane, at an arbitrary angle 0 θ H 90 o with z, the Hamiltonian becomes
where g is the landé factor, and µ B is the Bohr magneton. The Zeeman energy term associated with the applied field H ≡ (0, H y , H z ) ≡ (0, H sin θ H , H cos θ H ) is given in the last two terms of the Hamiltonian. If the field is below some critical value H c (θ H ) (to be computed), the Hamiltonian Eq. (6) has two degenerate minima, and therefore the magnetization can resonate between these two directions, providing a case of MQC. Under the spin-coherentstate and the imaginary time representation, the E(θ, φ) term in the Euclidean action is
given by
with K 1 = k 1 S 2 and K 2 = k 2 S 2 being the transverse and longitudinal anisotropy coefficients respectively, and H a = 2K 1 /gµ B S being the anisotropy field.
where E 0 is a constant that makes E(θ, φ) zero at the initial state. It is clearly shown in Eq.
(8) that the energy minima of system are at θ 1 = θ 0 , φ 1 = φ 0 and θ 2 = θ 0 , φ 2 = π − φ 0 , and therefore there are two different instanton paths of opposite windings around hard anisotropy axis. We denote them by instanton A : φ = φ 0 −→ φ = +π/2 −→ φ = π − φ 0 , and instanton
The critical field at which the energy barrier disappears can be determined by,
Taking into account Eqs. (9) and (10), we obtain
For the special cases θ H = 0, π/2, we have H c = H a , λH a , respectively. The dependence of H c /H a on θ H is plotted in Fig. 1 for λ = 0.71. Now we investigate the tunneling behaviors of magnetization by applying the instanton technique in the spin-coherent-state path-integral representation. First of all, we must find out the classical pathθ andφ that satisfies the boundary condition. Along the classical path, E(θ,φ) is conserved, so that the relation betweenθ(τ ) andφ(τ ) can be found purely by using energy conservation. 6, 7 After some algebra, we obtain
where x, y are variables defined by
with a = 1 − cos (1 − cos(θ))(dφ/dτ )dτ , the desired Wentzel-Kramers-Brillouin (WKB) exponents (or classical actions) are found to be
for instanton A, and
for instanton B. Therefore, the difference of the action of two tunneling paths is
Note that Im(∆S cl ) comes from the Berry phase iS(1 − cosθ) dφ/dτ , and leads to the oscillation of the ground-state tunnel splitting with the magnetic field.
The preexponential factor in the tunnel splitting can be evaluated by taking the asymptotic form of zero-mode dφ/dτ , 10 which can be deduced from the classical equations of motion (see appendix A).
Finally, the ground-state tunnel splitting is found to be
with
where ω 0 = (2K 1 /S)λ 1/2 sin θ 0 cos φ 0 . The dimensionless prefactor c can often be of order 1 or so, and is therefore relevant to the exact diagonalization calculation.
III. RESULTS AND DISCUSSION
Before we discuss the Eq. (18), we note here that our model can be directly related to the model describing the molecular Fe 8 magnet,
with For θ H = 0 (the field is along the hard anisotropy axis), the symmetry of two classical paths imposes Re(∆S cl ) = 0, then, the tunnel splitting ∆ = 2∆ 0 |cos Φ(H)| oscillates with the field and thus vanish whenever
where n = 0, 1, 2, ... is an integer. Table 1 As a result, we conclude that the molecular magnet with S = 10 can be treated as a giant spin system. The numerical and analytical calculated tunnel splitting as a function of the field are shown in Fig. 2b for half-integer spin S = 9.5, and the good agreement between numerical and analytical results is also found. From Fig.   2 , it is obviously that the tunneling behavior of magnetization of integer spins is significantly different from that for half-integer spins. At the end of this section, we present the results with different parameter λ for the field along z or y in Figs. (3a) and (3b). It is interesting to note that the tunnel splitting increases rapidly by lowing the parameter λ, which suggests that highly anisotropic materials are more suitable for observing MQP in experiments.
In conclusion, we have studied the ground-state tunnel splitting in the molecular magnets with biaxial crystal symmetry in the presence of an external magnetic field at an arbitrarily directed angle. The switching from oscillation to the monotonic growth of the ground-state tunnel splitting on the field angle has been shown in detail. Our results are suitable for a quantitative description of some aspects of the new experimental behavior on the molecular Fe 8 magnets.
In order to determine the classical paths, we need another equation of motion(see Eq. (3)),
After dividing the factor 2K 1 sin θ on both sides and substituting Eqs. (23) and (24), we rewrite Eq. (25) as
where
As shown in Eq. (26) , if Re f (φ ) is always zero for arbitrary φ, one can then take φ(τ ) to be entirely real. Unfortunately, it is not the case, Re f (φ ) is not always zero except H z = 0 or H y = 0. Checking the right-hand-side of Eq. (27) more carefully, we find that up to the leading term, Eq. (27) can be rewritten as
It is clearly shown from Eq. (29) that the Re f (φ) is almost two orders of magnitude smaller than Im f (φ) for the low magnetic field(i.e., for H/H a 1/5). So it is sufficient to drop the term Re f (φ) in Eq. (26) for the first order approximation and treat φ(τ ) as a real variable. Under this assumption, the classical Euclidean action can be evaluated easily without resolving the analytical solutions of θ(τ ) and φ(τ ),
The results for instantons A and B are given in Eqs. (14) and (15).
Next let us study the preexponential factor at two different magnetic field directions of θ H = 0 and π/2 θ H > 0.
The preexponential factor can be evaluated from zero-mode (dφ/dτ ). 10 It is obvious from symmetry that the preexponential factors along two instanton path A and B are equal.
For θ H = 0, we have φ 0 = 0 and φ i = 0, φ f = π. Then, from Eq. (13) we get
1/2 and y = 0. Therefore, Eq. (26) reduces tȯ
This equation can be integrated easily. Defining ω 0 =
It is easily verified that φ → 0, π, as τ → ±∞.
Following the standard procedure of the Ref. 10 , we write the final result as
and
Eq. (33) can be also deduced from Eqs. (14), (16), (17) and (18) for the special case φ 0 = 0.
It is interesting to note that Eqs. (34) and (35) agree exactly with the previous result (Eqs. 
where ω 0 = 2K 1 S λ 1/2 sin θ 0 cos φ 0 . We then integrate the Eq. (36)
where c 0 is an integration constant. Therefore, the asymptotic form of zero-mode (dφ/dτ ) can be written as 
Now we turn to derive the total tunnel splitting ∆ using a recently proposed effective
Hamiltonian approach. For the present case, the effective Hamiltonian is found to be
Diagonalizing the effective Hamiltonian, we obtain the desired result as shown in Eqs. (18) and (19). 
